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ZERO DISTRIBUTION OF v−ADIC MULTIPLE ZETA VALUES
OVER Fq(t)
QIBIN SHEN
Abstract. This paper aims to study the zero distribution of v−adic multiple zeta
values over function fields. We show that the interpolated v−adic MZVs at negative
integers only vanish at what we call the “trivial zeros”, for degree one prime over
rational function fields. And we conjecture that this result can be generalized to all
primes.
1. Introduction
Multiple Zeta Values(MZVs) was originally introduced and studied by Euler, and
recently, these values showed up again in various subjects in mathematics and mathe-
matical physics. In Furusho’s paper [Furusho04], by making an analytic continuation
of p−adic multiple polylogarithms introduced by Coleman’s p−adic iterated integra-
tion theory [Col82] and he was able to define p−adic multiple zeta values to be a limit
value at 1 of analytically continued p−adic multiple polylogarithms.
It’s well known that researches on function fields and number fields often go in
parallel and thus mutually beneficial. Often the former one is inspired by the latter.
Unlike the classical case, the interpolated v−adic MZVs in function field case are
well-defined at all integer points. In this paper, we mainly studied v−adic multiple
zeta values over Fq(t).
We first adapt some notations before we give the definition.
Notations:
Z− = {negative integers},
q = pf , a power of a prime p,
Fq = a finite field of q elements,
K = function field over Fq,
∞ = a rational place in K,
A = the ring of integral elements outside ∞,
v = a monic prime in A,
Ad+ = monics in A of degree d,
K∞ = completion of K at ∞,
Kv = completion of K at prime v.
Definition 1.1. An integer s is called q−even if (q − 1)|s. Otherwise, it’s called
q−odd.
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The reason to introduce “q−even” is that the behavior of Carlitz zeta values (ζ(s)
of depth 1 defined in Definition 1.2) at q−even integers is similar as that of Riemann
zeta values at even integers.
Now we are ready to define MZVs over K. Given k ∈ Z and s with sj ∈ Z, for
d ≥ 0, let
Sd(k) :=
∑
a∈Ad+
1
ak
∈ K,
Sd(s) := Sd(s1)
∑
d>d2>···>dr≥0
Sd2(s2) · · ·Sdr(sr) ∈ K.
Definition 1.2. Let s = (s1, . . . , sr), si ∈ Z, define multiple zeta value
ζ(s) :=
∑
d1>···>dr≥0
Sd1(s1) · · ·Sdr(sr) ∈ K∞.
We call r the depth of ζ(s), and if each si > 0, wt :=
∑r
i=1 si is the weight of ζ(s).
We first introduce the interpolated v−adic multiple zeta values defined by Thakur
in [T04] here. Given k ∈ Z, v a prime in A+ and s with si ∈ Z, for d ≥ 0, let
Sd(k) :=
∑
a∈Ad+
1
ak
∈ K,
S˜d(k) :=
∑
a∈Ad+
(a,v)=1
1
ak
∈ K,
S˜d(s) := S˜d(s1)
∑
d>d2>···>dr≥0
S˜d2(s2) · · · S˜dr(sr) ∈ K.
Definition 1.3. Let s = (s1, . . . , sr), si ∈ Z, v a prime in A+, define v−adic multiple
zeta value
ζv(s) :=
∑
d1>···>dr≥0
S˜d1(s1) · · · S˜dr(sr) ∈ Kv.
It’s well known that this power series is convergent for any s with each si ∈ Z.
These values can be extended continuously to v−adic domains, but we will be only
interested in special values at s with integer coordinates.
Definition 1.4. Recall q = pf .
(1) For k ∈ N, let l(k) be the sum of digits of k base q. Define
Lk := min
i=0,...,f−1
{l(kpi)/(q − 1)}.
Note that k ≡ l(k) (mod q − 1), thus Lk is an integer if and only if (q − 1)|k,
i.e. k is q−even.
(2) For d ≥ 0 and k > 0, define
Vd(k) := {(m0, . . . , md) ∈ Ud(k)
∣∣ m0 > 0}.
Definition 1.5. Let sj ∈ Z−. ζ(s1, . . . , sr) = 0 trivially if there exists some 1 ≤ i ≤
r − 1 such that r − i > L−si. We call such zeros trivial zeros. Other zeros are called
nontrivial.
In the works of Goss[G79], Dinesh[T09a], and Shuhui[Shi18], we have
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Theorem 1.6. Let K = Fq(t), s = (s1, · · · , sr) ∈ Z
r and each si shares the same sign,
ζ(s) = 0 if and only if one of the following conditions holds
(1) r > 1, s is a trivial zero,
(2) r = 1, s is q−even.
2. Trivial Zeros for v−adic MZVs
To study ζv(s) at negative integers, we first study the behaviour of Sd(s) for s < 0.
Sd(s) =
∑
θi∈Fq
(td + θ1t
d−1 + · · ·+ θd)
−s
=
∑
θi∈Fq
∑
m0+···+md=−s
mi≥0
(
−s
m0, . . . , md
)
θm11 · · · θ
md
d t
dm0+(d−1)m1+···+md−1
= (−1)d
∑
m0+···+md=−s
m0≥0,(q−1)|mi>0,1≤i≤d
(
−s
m0, . . . , md
)
tdm0+(d−1)m1+···+md−1
= (−1)d
∑
⊕d0mi=−s
m0≥0,(q−1)|mi>0,1≤i≤d
(
−s
m0, . . . , md
)
tdm0+(d−1)m1+···+md−1 (2.1)
where ⊕d0mi denotes sum
∑d
i=0mi with no carry over of digits base p. The third
equality comes from exchanging two sum indices and the fact that
∑
θ∈Fq
θk = −1 if
k 6= 0, (q−1)|k and 0 otherwise. The last equality is the application of Lucas’ theorem
saying that the multinomial coefficient
(
−s
m1,...,md
)
vanishes in Fq iff the sum
∑
mi has
carry over base p. Obviously, Sd(s) vanishes if sum (2.1) is empty.
In [Car48], Carlitz claimed the converse also holds. More precisely, he asserted
that, if sum (2.1) is not empty, the term tdm0+(d−1)m1+···+md−1 with (m0, . . . , md) lexi-
cographically largest among the sum indices attains the unique maximal degree. Such
(m0, . . . , md) is called greedy. This was proved by Diaz-Vargas in [DV96] for q = p and
Sheats in [She98] for general q.
Theorem 2.1 (Calitz & Sheats). For k > 0, d ≥ 0, denote by Ud(k) the collection of
all (d+1)-tuples (m0, . . . , md) such that (1) k = m0⊕· · ·⊕md, and (2) for 1 ≤ i ≤ d,
mi > 0 and (q − 1)|mi. Then, for s < 0, Sd(s) 6= 0 if and only if Ud(−s) 6= ∅.
Moreover, the term corresponding to the greedy element achieves the unique maximal
degree.
Proposition 2.2. Sd(s) = 0⇔ d > L−s.
The proposition follows easily from the following lemma proved by Sheats and it
was already pointed out by Boeckle. The notations and expression of the lemma are
different from those in Sheats’ paper, but it’s easy to see the statements are equivalent.
Lemma 2.3. ([She98, Prop. 4.3(a)]) Vd(k) = ∅ ⇔ d > Lk.
Proof of Proposition 2.2: By Theorem 2.1, we need to show Ud(k) = ∅ iff d > Lk.
There are two cases: k is q−even or q−odd. We consider each separately.
If k is q−even, Ud(k) = Vd(k)∪{(0, m1, . . . , md)
∣∣ (m1, . . . , md) ∈ Vd−1(k)}. Ud(k) =
∅ iff Vd(k) = Vd−1(k) = ∅, i.e. d−1 ≥ Lk. Since Lk is an integer, d−1 ≥ Lk ⇔ d > Lk.
If k is q−odd, Ud(k) = Vd(k), thus Ud(k) = ∅ iff d ≥ Lk. As Lk is not an integer in
this case, d ≥ Lk ⇔ d > Lk. 
4 QIBIN SHEN
Applying all the above results, we can show
Proposition 2.4. S˜d(s) = 0 ⇔ d > L−s + deg(v) or deg(v) > d > ⌊L−s⌋.
Proof. (⇐) This direction follows easily from the above Proposition 2.2 and the defi-
nition of S˜d(s).
(⇒) When d < deg(v), S˜d(s) = Sd(s), and hence this power sum is zero iff d > ⌊L−s⌋
by Proposition 2.2. When deg(v) ≤ d ≤ L−s + deg(v), we have S˜d(s) = Sd(s) −
v−sSd−deg(v)(s).
If v = t, we have S˜d(s) = Sd(s)− t
−sSd−1(s). Consider the (t+1)−adic valuation of
Sd(s) and v
−sSd−deg(v)(s) respectively. Since t
−sSd−1 has same (t+1)−adic valuation as
Sd−1, which equals νd−1(s), so if d > 1, by above proposition, we have νd(s) > νd−1(s),
hence S˜d(s) = Sd(s)− t
−sSd−1(s) 6= 0.
If v 6= t, similarly, we have S˜d(s) = Sd(s) − v
−sSd−1(s). Consider the t−adic
valuation of Sd(s) and v
−sSd−deg(v)(s) respectively. Since v
−sSd−1 has same t−adic
valuation as Sd−1, which equals νd−1(s), so if d > 1, by above proposition, we have
νd(s) > νd−1(s), hence S˜d(s) = Sd(s)− t
−sSd−1(s) 6= 0.
It remains to prove the case when deg(v) = d = 1. Without loss of generality, we
may assume v = t, then we have S˜1(s) =
∑
θ∈F∗q
(t + θ)−s 6= 0 since, for example, its
Laurent series is (q − 1)t−s plus terms of higher valuations at infinity. 
Corollary 2.5. Given a rational function field K = Fq(t), (si)
r
i=1 ∈ Z
r, r > 1.
ζv(s1, . . . , sr) = 0 if either one of the following conditions holds
(1) ∃1 ≤ i ≤ r such that si < 0, r − i > L−si + deg(v).
(2) ∃1 ≤ i, j ≤ r such that si, sj < 0, deg(v) > r − i > L−si, and i− j > L−sj .
Proof. If ∃i such that r − i > L−si + deg(v), then since the least relevant di ≥ r − i,
we apply above proposition and get S˜di(si) = 0. Hence ζv(s) = 0.
If ∃i, j such that i > j, deg(v) > r−i > L−si , and i−j > Lsj , then S˜dj (sj)S˜di(si) = 0.
This is because that by above proposition, if S˜di(si) 6= 0, i.e., di ≥ deg(v), we must
have dj ≥ deg(v)− (r− i) + (r− j) = deg(v)+ i− j > deg(v)+L−sj , i.e., S˜dj (sj) = 0.
Hence ζv(s) = 0. 
Inspired by this result, we introduce the following definition.
Definition 2.6. Let sj ∈ Z, r > 1. ζv(s1, . . . , sr) = 0 trivially iff either one of the
following conditions holds
(1) ∃1 ≤ i ≤ r such that si < 0, r − i > L−si + deg(v).
(2) ∃1 ≤ i, j ≤ r such that si, sj < 0, deg(v) > r − i > L−si, and i− j > L−sj .
We call such zeros trivial zeros. Other zeros are called nontrivial.
In particular, when deg(v) = 1, we have s is a trivial zero iff there exists 1 ≤ i ≤ r
such that r − i > L−si + 1.
Definition 2.7. M = (M0, . . . ,Md) ∈ Ud(k) is called the modest element if
(Md,Md−1, . . . ,M0) is lexico-graphically the largest, in more details, Md ≥ md,
∀(m0, . . . , md) ∈ Ud(k), Md−1 ≥ md−1 for those (m0, . . . , md) with md = Md and so
on.
Theorem 2.8. [Shi18] Assume Sd(s) 6= 0, then the term corresponding to the modest
element in Ud(−s) attains the unique minimum degree in t among all summands in
Sd(s).
ZERO DISTRIBUTION OF v−ADIC MZVS 5
Similar to the case of MZVs, to study the zeros of v−adic MZVs, we need the
following result.
Theorem 2.9. Let v = t, we assume S˜d(s) 6= 0, then there is one term attains the
unique minimum degree in t among all summands in S˜d(s).
Proof. We start with
S˜d(s) =
∑
∀i<d,θi∈Fq
θd∈F
∗
q
(td + θ1t
d−1 + · · ·+ θd)
−s
=
∑
∀i<d,θi∈Fq
θd∈F
∗
q
∑
m0+···+md=−s
mi≥0
(
−s
m0, . . . , md
)
θm11 · · · θ
md
d t
dm0+(d−1)m1+···+md−1
= (−1)d
∑
m0+···+md=−s
m0≥0,(q−1)|mi>0,1≤i<d
(q−1)|md≥0
(
−s
m0, . . . , md
)
tdm0+(d−1)m1+···+md−1
= (−1)d
∑
⊕d
0
mi=−s
m0≥0,(q−1)|mi>0,1≤i<d
(q−1)|md≥0
(
−s
m0, . . . , md
)
tdm0+(d−1)m1+···+md−1 (2.2)
where ⊕di=0mi denote sum
∑d
i=0mi with no carry over of digits base p. The third
equality comes from exchanging two sum indices and the fact that
∑
θ∈Fq
θk = −1 if
k 6= 0, (q−1)|k and 0 otherwise. The last equality is the application of Lucas’ theorem
saying that the multinomial coefficient
(
−s
m1,...,md
)
vanishes in Fq iff the sum
∑
mi has
carry over base p. Obviously, S˜d(s) vanishes if sum (2.2) is empty.
We claim that if dm0 + · · · + md−1 attains the minimum only if (m0, · · · , md−1 +
md) is the most modest element in Sd(s). Otherwise, we assume ∃(m
′
0, · · · , m
′
d−1) 6=
(m0, · · · , md−1 + md) is the most modest element in Ud(−s). then if m
′
0 < m0, we
have m′0 −m0 > 0 is q−even. Hence (m0, m
′
1, · · · , m
′
d−1 +m
′
0 −m0) is more modest,
contradiction. So we always have m′0 = m0, similar arguments guaranteed that mi =
m′i for all i < d− 1, hence, we must have m
′
d−1 = md−1 +md.
By the Theorem 2.8, we know the uniqueness of the most modest element in Sd−1(s)
and we let 0 < md−1 ≤ md−1+md to be the maximum q−even value such that md ≥ 0
is q−even and md−1 ⊕md. Hence, we get that the term with minimum degree in t is
unique. 
For d ≥ 0 and s negative, define νd(s) := vt(S˜d(s)), where vt is the t−adic valuation.
The above theorem implies
Corollary 2.10. For any q and fixed s < 0, we have
ν⌊L−s⌋+1(s) > ν⌊L−s⌋(s) > · · · > ν1(s) ≥ ν0(s).
Proof. Since ν0(s) = vt(1) = 0 for all s, the last inequality is obvious. Assume 1 <
d ≤ L−s + 1 and let M = (M0, . . . ,Md) corresponding to the unique term in S˜d(s),
then Theorem 2.9 implies νd(s) = dM0 + (d − 1)M1 + . . . + Md−1. Consider N =
(M0, . . . ,Md−2,Md−1 + Md), N ∈ Ud−1(−s) and thus νd−1(s) ≤ vt(Sd−1(s)) ≤ (d −
1)M0 + (d − 2)M1 + . . . + Md−2 ≤ νd(s), where the second inequality is equality iff
d = 1 and Md = −s. 
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With this corollary, we have the following result.
Theorem 2.11. Given K = Fq(t), v a degree 1 prime, s = (s1, · · · , sr) ∈ Z with each
si ≤ 0, ζv(s) = 0 if and only if one of the following conditions holds
(1) r > 1, s is a trivial zero,
(2) r = 1, s is q−even.
Proof. Without loss of generality, we assume v = t. The case when r = 1 is done by
Goss. So we only need to prove it when r > 1. It’s equivalent to show that ζt(s) 6= 0
if s is not a trivial zero. In this case, the sum ζt(s) =
∑
d1>···>dr≥0
S˜d1(s1) · · · S˜dr(sr) is
nonempty. In particular, S˜r−1(s1) · · · S˜0(sr) 6= 0 and
vt(S˜r−1(s1) · · · S˜0(sr)) =
r∑
i=1
νr−i(si).
For any other term S˜d1(s1) · · · S˜dr(sr) in the sum, di ≥ r − i for all i and there exist
some j such that dj > r − j > 0, thus
vt(S˜d1(s1) · · · S˜dr(sr)) =
r∑
i=1
νdi(si) > vt(S˜r−1(s1) · · · S˜0(sr)).
By strict triangle inequality, vt(ζt(s)) = vt(S˜r−1(s1) · · · S˜0(sr)) =
∑r
i=1 νr−i(si). Ap-
plying above theorem, we get ζt(s) = 0 iff ∃i such that si < 0 and r − i > L−si + 1.
Hence, we are done. 
Definition 2.12. Given K = Fq(t), v a monic prime with degree d. We define
Sv := lim←−
n
Z/(qd − 1)pnZ, and we say s = c−1 +
∑∞
i=0 ci(q
d − 1)pi ∈ Sv where q
d − 1 <
c−1 ≤ 0, p < ci ≤ 0 is q−even iff q − 1|c−1.
Thakur has shown in [T04] that all v−adic multiple zeta functions are continuous
in Srv , and we have the main theorem.
Theorem 2.13. Given a rational function field K = Fq(t), a degree 1 prime v, s =
(s1, . . . , sr) ∈ S
r
v , ζv(s) = 0 if and only if one of the following conditions holds
(1) r > 1, s is a trivial zero,
(2) r = 1, s is q−even.
Proof. Without loss of generality, we may assume v = t. If r = 1, s ∈ Z, Goss showed
that ζt(s) = 0 iff s is q−even. When s /∈ Z is q−odd, by continuation, ∀s
′ ∈ Z− close
enough to s in St, we have µ1(s) = µ1(s
′). And, we have µ1(s
′) > m0(s
′) = 0 by above
corollary. Hence, vt(ζt(s
′)) = µ0(s
′) = 0, ∀s′ close enough to s, i.e., ζt(s) 6= 0 when s
is not q−even in St.
If r > 1, we have shown this result when each si ∈ Z≤0. So if si ∈ St−Z≤0 and r > 1,
we define sn := (sn1 , · · · , s
n
r ) such that si − s
n
i =
∑∞
j=n+1 cj(q − 1)p
j where p < cj ≤ 0.
If si ∈ Z≤0, then s
n
i = si when n >> 1. If si 6∈ Z≤0, then we have infinitely many
non zero cj’s. Hence, in both cases, we have ∀d ≥ 0, 1 ≤ i ≤ r, νt(s
n
i ) = νt(si) when
i >> 0.
Now, apply the argument in last theorem, For any given sequence d1 > · · · > dr ≥ 0,
there exists N ∈ N, such that ∀n ≥ N , we have
vt(S˜d1(s1) · · · S˜dr(sr)) =
r∑
i=1
νdi(s
n
i ) > vt(S˜r−1(s
n
1 ) · · · S˜0(s
n
r )) = vt(S˜r−1(s1) · · · S˜0(sr)).
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By strict triangle inequality, vt(ζt(s)) = vt(S˜r−1(s1) · · · S˜0(sr)) =
∑r
i=1 νr−i(s
n
i ) when
n ≥ N . Applying last theorem, we get ζt(s) = 0 iff ∃i such that si ≤ 0 and r − i >
Lsi + 1. 
When v is any prime, we conjecture that the following result holds.
Conjecture 2.14. Given K = Fq(t), v any monic prime, s = (s1, . . . , sr) ∈ S
r
v ,
ζv(s) = 0 if and only if one of the following conditions holds
(1) r > 1, s is a trivial zero,
(2) r = 1, s is q−even.
3. Zeros over all primes
Definition 3.1. Given a rational function field K = Fq(t), and a prime v, We define
Mv(K) := the set consisting of all v−adic MZVs ζv(s) at S
r
v over K. And we define
M(K) := (Mv(K))v prime =
∏
v prime
Mv(K),
and we say s = (si)
r
i=1 ∈ S
r
v is a trivial zero if it’s in the intersection of all trivial zeros
in Mv(K) for all primes v.
The following proposition shows that to check a specific s is a trivial zero or not,
we only need to check for at most r many primes v.
Proposition 3.2. Given s = (si)
r
i=1, (ζv(s))v ∈M(K) are trivial zeros iff s is a trivial
zero for all primes with degree less than or equal to r.
Proof. (⇒) This direction is trivial by the definition.
(⇐) We only need to show that s is a trivial zero for all primes v with degree greater
than r. Since s is a trivial zero for v with degree r, in this case, there exists 1 ≤ i ≤ r
such that r − i > L−si and there exists j < i such that i − j > L−sj . We can see
that this condition is independent of the choice of primes v with degree greater than
r. Hence, we are done. 
Now we claim by giving an example that the set of trivial zeros inM(K) is nonempty.
Example 3.3. Given a rational function field K = Fq(t), r > 1, and s = (s1, · · · , sr)
where for 1 ≤ i ≤ 3, si = −p
ni for some ni ∈ Z≥0.
(1) If q > 2, r ≥ 3, s is a trivial zero in M(K).
(2) If q = 2, r ≥ 5, s is a trivial zero in M(K).
Proof. By proposition 3.2, we only need to check for the primes with degree less than
r + 1.
If q > 2, we have L−si < 1 for i ≤ 3. When deg(v) = 1, let i = 1, we have
r − i ≥ 2 > L−s1 + 1, it’s done. When r ≥ deg(v) > 1, let i = 2, j = 1, we have
deg(v) > r − i = r − 2 ≥ 1 > L−s2 , and i− j = 2− 1 = 1 > L−s1 , it’s done.
If q = 2, we have L−si = 1 for i ≤ 3. When deg(v) = 1, 2, let i = 1, we have
r − i ≥ 4 > L−si + deg(v), it’s done. When r ≥ deg(v) > 2, and i = 3, j = 1, we have
deg(v) > r − i = r − 3 ≥ 2 > L−s3 , and i− j = 2 > L−s1 , it’s done. 
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